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Abstract—Unsteady processes of two-phase flow
filtrations for immiscible liquids in porous media with a
periodic structure are considered. The Masket-Leveret
model is adopted as a mathematical model for describing
such processes for media formed by a large number of
blocks with low permeability and separated by a
connected system of faults with high permeability. This
model is typical for modeling the processes of gas
production, oil production and diffusion of pollutants (for
example, oil products) in groundwater. The assumption of
medium periodicity is a model as simply described, since it
is not known how to describe real porous media. However,
sometimes the results for periodic media can be
generalized to stochastic media. In addition, complex
media can sometimes be approximated by periodic or
quasi-periodic, which are also reduced to periodic.
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1. INTRODUCTION

The problem of modeling nonstationary processes of
mutual filtration of multiphase flows of immiscible
fluids in porous media arises in the development of oil
and gas fields, the search for methods to prevent man-
made pollution (e.g., petroleum products) in
groundwater, and the search for ways to purify such
waters. Direct practical study of such processes using
technical observation methods is practically impossible,
as it is necessary to install a large number of sensors
over large areas and at various depths to understand the
dynamics of the combined movement of various fluids
in a porous medium. Thus, mathematical modeling
offers a real opportunity to predict and potentially
optimize methods of oil and gas production, as well as
treatment and prevention of groundwater pollution.

To model such filtration processes, it is necessary to
select a heterogeneous porous medium. One approach
here is to use continuous media with a periodic
structure. The assumption of medium periodicity is a
model as simply described, since it is not known how to
describe real porous media. However, sometimes the
results for periodic media can be generalized to more
complex and stochastic continuous media. Thus,
periodic media formed by a large number of cells, which
can be inhomogeneous and defines a multiscale
inhomogeneous porous media, will be discussed.

Accordingly, the parameter characterizing the number of
cells determines the small size of this cell.

Thus, it is assumed that the coefficients of the
equations characterizing this model of two-phase
filtration depend on two small positive parameters &
and o . The small-scale parameter & defines the
coefficient period, which corresponds to the assumption
of the periodic structure of the porous media formed by
blocks and separated by high permeable faults. The
value inverse to the parameter o characterizes the
relative ratio of the permeability coefficients included in
the equations and corresponds to the assumption of low

and high permeability of blocks and faults forming

porous media. Here we will consider the case o = &,

This choice is usually called the dual porosity model.

II. HOMOGENIZATION FOR APPROXIMATION

The functions, defining the solution of this problem
under consideration, model the dynamic representation
of two-phase filtration (or diffusion) in porous media.
But, the direct finding of these functions by
computational methods is practically impossible, since
for the periodic media it is necessary to choose a very
fine grid, depending on &, in order to accurately take
into account the geometry of blocks and faults. In
addition, the spread of the ellipticity constants of this
problem will depend on o, which will also lead to a
refinement of the computational grid in order to
guarantee sufficient accuracy, which requires significant
resources to calculate such functions.

In such a situation, for simpler problems, the
following approach was first proposed in [1, 2]. To
begin with, approximate solutions to the initial problem
for small & are found. The approximate solutions
usually satisfy the initial boundary value problem with
constant coefficients in the domain that do not depend
on ¢ . This initial boundary value problem with constant
coefficients is usually called a homogenized or
homogenized approximation to the original initial
boundary value problem. Then, the homogenized
problem is solved by standard computational methods.
Of course, it would be desirable to have an estimate of
the accuracy of this approximation. For nonlinear
problems, such estimates are not always provable and
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one has to limit oneself to proving the appropriate
convergence of these approximations. This approach has
significant advantages, since solving the problem with
constant coefficients is simpler and simultaneously
approximates the solution to the original problem.

A detailed bibliography on the study of various
aspects and homogenization methods for applying
mathematical modeling to such problems in practice is
given in [3, 4]. But, it is usually not taken into account
that many real cellular media are formed by a large
number of blocks with low permeability and separated
by a connected system of faults with high permeability.
Therefore, dependence on additional parameters arises
when taking into account the structure of the porous
medium under consideration. Here we will use the
methods presented in [5, 6] for linear problems with
dependence on such parameters. Following [7], we also
note that filtration models typically consider
homogeneous media, whose filtration coefficients and
characteristics are obtained by averaging over volume
without justifying this transition. However, this
approach makes it unclear how to distinguish between
possible filtration regimes, separating scales that are, in
a sense, erased by averaging over volume.

III. INITIAL BOUNDARY VALUE PROBLEMS

Thus, we consider nonstationary filtration processes
of two-phase flows for immiscible separated liquids in
porous media with a periodic structure. The Musket-
Leveret model for such media is adopted as a
mathematical model for describing such processes.
Details on this and more general models of two-phase
filtration in porous media can be found in [7, 8, 9].

This model is defined by the functions S%,SZ,

PZ,P?, which correspond to the volume parts of the

phases and the partial pressures in these phases, as a
solution to the following initial boundary value problem

my (SE)i—div(KZ A2 (SEVEE - p,G1)=12G,,
mg (8= div(KZ AL (SOIVRY - p,GD =7."G,,,

SE+SE =1, PS-Pf =P (SE).
This system of equations, supplemented by suitable
boundary and initial conditions, is considered in the

domain (2 on the time interval (0,7). The indices o

and w in the notations of the functions under
consideration mean that these functions relate to one of
the phases of liquids, for example, oil products and
water. In addition, the index & below usually means
periodicity, while & above emphasizes the dependence

of the solution on this small parameter and o=¢
characterizes the relative ratio of the permeability
coefficients included in the equations and corresponds to
the assumption of low and high permeability of blocks
and faults forming porous media. In turn, the domain

!2:.(2? U.Q-Ef is divided into two domains, which

correspond to blocks and faults. It is assumed that the
coefficients of the elliptic part of these equations are

separated from zero, which corresponds to the absence
of stagnation zones in the filtration process. By adding
standard assumptions one can prove that a solution to
such a problem exists, following [10], for example.

Thus, using asymptotic methods, we can pass to the
limit in the problem and establish a limit homogenized
problem, the solution of which is the limit functions that
describe, in a certain sense, the filtration process
globally. To briefly describe the homogenized problem,
we note that the first terms in the equation are replaced

by my(Sq); +my(S]); and my(Sy); +my(S,); with

constant coefficients defined by the characteristics of the
blocks and faults in natural notations. The remaining
coefficients dependent on & are also replaced by
constants. The last two equations will be split into two
parts for blocks and faults. But, the last equation will be
determined by solving the problem on a cell for a single
block. So, these will be six homogenized equations with
respect to six unknowns, which are approximate
solutions to the solutions of the initial problem.
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