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I. INTRODUCTION

As is well established, the theory of set-valued
differential equations finds extensive application in
control theory, the theory of differential inclusions, and
fuzzy systems (see [1-6] and references therein). At first
sight, such equations resemble their classical
counterparts; however, their analysis and solution
inevitably require explicit consideration of their set-
valued character. Consequently, classical methods and
approaches developed for single-valued systems cannot,
in general, be applied directly to the set-valued case,
thereby necessitating the development of new or adapted
methodologies. Moreover, the inherent set-valued
structure of these equations gives rise to distinctive
properties that warrant systematic investigation.

The report presents an analytical form of the solution
for a linear homogeneous differential equation with the
Hukuhara derivative.

I1. PRELIMINARIES
Let R be the set of real numbers and R" be the -
dimensional Euclidean space ( n>2 ). Denote by
conv(R") the set of nonempty compact and convex

subsets of R"

For two given sets X,Y e conv(R") and 1 € R, the

Minkowski sum and scalar multiple are defined by
X+Y={x+y|lxeX,yeY} and AX ={Ax|xe X}.

The following properties hold:

1) X+Y=Y+Xeconv(R"), ﬂXeconv(R”);
2) If afp>0,then aX +pX=(a+p)X ;
3) AX+AY=A(X+Y).

Also, let’s add one more operation: the product of a

matrix with a set AX = U Ax , where Ae R™ is real
xeX

matrix of size nxn and Xeconv(R" ) .
We will list some properties of this operation:
1) If AeR™ and X econv(R"), then
AXeconv(Rk) , Wwhere k=rank(A);

2) If AeR™ and X,Y econv(R"), then
AX+AY=A(X+Y);
3) If 4,BeR™ and X econv(R"), then

(A+B)XgAX+BX;
4) If AeR™ , X,Yeconv(R")and X Y, then
AX c AY .

Consider the Pompeiu-Hausdorff distance A(.,-)
given by

h(X,Y)=min{r>0|X c ¥ +B,(0), Y © X +B,(0)},

where B (0) = {x eR"|PxF r} is the closed ball with

radius » centered at the origin ( PxP denotes the
Euclidean norm).

It is known that (conv(R"),h) is a complete metric

space. However, conv(R") is not a linear space since it

does not contain inverse elements for the addition, and
therefore difference is not well defined, ie. if

Aeconv(R") and A#{a}, then A+(-1)4#{0}. As

a consequence, alternative formulations for difference
have been suggested. One of these alternatives is the
Hukubhara difference [7].

Let X,Y e conv(R"). A set Z € conv(R") such that
X=Y+Z is called a Hukuhara difference (H-
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difference) of the sets X and Y and is denoted by

XEY.

In this case X ﬂX = {0} and  also

(4 +B)£B = A for any 4,B e conv(R").

Simultaneously, M. Hukuhara introduced the
concept of H-differentiability [7] for set-valued
mappings by using the H-difference.

Definition 1 [7]. Let X :[0,7]— conv(R") and
t€[0,T]. We say that X(-) has a H-derivative
D, X(t) e conv(R") at t€(0,T), if for all A>0 that
are sufficiently close to 0, the H-differences and the
limits exist

lim AN (X(t+ A)EX(t)) =
lim AT (X(t)ﬁ)((t —A) =D, X(t).

Theorem 1 [71. If the mapping
X :[0,T]— conv(R") is H-differentiable on [0,77] ,

t
then X ()= X(0)+ IDHX (s)ds, where the integral is
0

understood in the sense of [7].

Corollary 1. If the set-valued mapping X () is H-
differentiable on [0,77], then diam(X(-)) is a non-
decreasing function on [0,7].

Corollary 2. If the function diam(X()) is a
decreasing function on [0,7], then the set-valued
mapping X (-) is not H-differentiable on [0,7'].

III.LINEAR CAUCHY PROBLEM
Now, consider the Cauchy problem
D, X(1)=A0X(®), X(0)=X,, M
where X:[0,T ]—)conv(R”) is the unknown set-valued

mapping, A:[0,T]—>R™ is a continuous matrix
function and det(A(t));éO for all te[O,T] .

The set-valued mapping X () will be called the
solution of the system (1) on the interval [0,7] if it is
continuously and satisfies system (1) on [0,7].

Theorem 2. System (1) has a unique solution of the
form

]

X(t):XOJri jA(rk)TfA(fk,,)...jA(r,)Xodr,...drk

k=1] o 0

for all ¢€[0,T].

Remark. For all k>1 and ¢€[0,7]

7

IA(Tk)J. A7, ).[ A(7))dr,..dr, X, <
0 0 0

'[A(rk)j A7, )I A(7)) Xodr,..d7,.
0 0 0

Remark. If the matrices A(t) and A(s) are
commutative matrices for all 7,5€[0,T] , ie. the
A(I)A(s):A(s)A(t) holds for all
t,5€[0,T], then

equality

for all 1€[0,T].

Remark. If the matrix A()=4, then

X(t)zLﬁi{%Xo}

P
for all 1€[0,T].

Remark. If the singular values of the matrix A4 are
such that 0, =...=0,=0 and AX ;=0.X,, then

X(t):eU’XO
for all 1€[0,T].
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